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1 Introduction to the Module 
Welcome to the module Modelling Firms and Markets – an introduction 
to the economics of information and uncertainty. Multi-person decision 
problems under uncertainty have always played a crucial role in financial 
markets. For instance, if you buy a stock in a firm, your profit will depend 
on whether or not its market goes up. To understand decision-making 
processes and find their possible solutions in real-world problems (such 
as contracts, mechanisms, bank runs, etc) you first need to learn how to 
think strategically. For this, you need to understand some basic and 
standard market problems among players.  

The first half of the module deals with game theory analysis, which 
studies links between players and market environments. In any game, the 
outcome depends on the interaction of strategies played by each agent. 
Therefore, game theory uses simplified real-world examples to examine 
how market players interact and make decisions, and to predict the 
possible outcomes. Units 1 to 4 provide a solid foundation of game theory 
– the interpretation of main concepts and their applications. This will give 
you the theoretical background to make insights into a wide range of 
applied financial economic events, and to analyse multi-person decision 
problems under uncertainty. 

The second half of the module goes beyond this by introducing the 
concept of ‘incomplete information’ into the games, and its applications. It 
will investigate the strategic interaction in economics, both in full-
information settings (ie all parties have all the information needed) and 
under uncertainty (at least one party has imperfect information). You will 
have an opportunity to evaluate a variety of simplified economic and 
financial situations (such as the relationship between managers and 
employees, between insurance companies and their clients etc), in which 
some agents possess private information and channel self-interest to the 
public interest. In this section, we aim to analyse how informational 
problems affect market outcomes and determine the conditions under 
which incentive and screening mechanisms generate socially efficient 
outcomes. In studying this module, you will be able to evaluate how the 
theory of strategic behaviours drives financial markets and develop 
optimal strategies given possible information. 

2 Module Author 
Sha Luo, who developed the module in collaboration with the Centre’s 
programme directors and specialists in Financial Sector Management and 
Quantitative Finance, holds an MSc and a PhD in Economics from Birk-
beck College, University of London. Her research focused on Industrial 
Economics and Applied Economics. She began her career, in 2005, by 
lecturing on Quantitative Techniques and Economics at Birkbeck. From 
2008, she worked with the Centre for Financial and Management Studies 
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at the SOAS as an author for the MSc Quantitative Finance distance-
learning programme. In 2010, Sha joined CRU International, a research 
and consultancy firm for the mining, metals and energy industry, as an 
applied economist. 

3 Study Resources 
This module is comprised of a set of lecture notes (study guide) based on 
selected chapters from these two key texts: 

Robert Gibbons (1992) A Primer in Game Theory. New York/London: 
Harvester Wheatsheaf. 

Donald E Campbell (2018) Incentives: Motivation and the Economics of 
Information. 3rd Edition. Cambridge UK: Cambridge University Press. 

In addition to the study guide and the key texts, a collection of scholarly 
and case-study articles from other sources will be provided as module 
readings.  

Throughout this module, it is essential that you do all the readings and 
solve all the exercises. In this module, each idea builds on the previous 
ones in a logical fashion, and it is important that each idea is clear to you 
before you move on. You should, therefore, take special care not to fall 
behind with your schedule of studies. 

4 Module Overview 
In order to study financial markets, it is necessary for you to study the 
strategic behaviours among the players. This module aims to introduce the 
theoretical concepts of strategic behaviours and their applications in eco-
nomics, where there are differing degrees of information and uncertainty. 
The module begins with the basic concepts and insights of game-theoretic 
reasoning. With this groundwork, you will be able to consider the problems 
of decision-making in a multi-person environment. You will then examine 
the problems of private information. You will learn to analyse the role of 
asymmetric information in market interactions – in particular, the problems 
known as moral hazard (hidden actions) and adverse selection (hidden charac-
teristics) under various economics contexts. You will also learn how these 
informational problems affect the market outcome and whether they lead to 
market inefficiencies, as well as the possible solutions to this.  

The module consists of eight units with corresponding readings and 
exercise sets. Theoretical concepts will be applied and exercises will be 
discussed throughout the module. 

Unit 1 Static Games of Complete Information  

1.1 Normal (Strategic) Form Game and Iterated Deletion 
1.2 Nash Equilibrium 
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1.3 Mixed-Strategy Nash Equilibrium 
1.4 Existence of Nash Equilibrium 
1.5 Applications of Nash Equilibrium 
1.6 Conclusion 

This unit starts with some fundamental concepts of game theory by 
introducing normal-form games and discussing pure- and mixed-strategy 
Nash equilibrium in finite games. The unit applies the concept of Nash 
equilibrium to various situations. We particularly focus on two typical 
oligopoly models in the market – Cournot and Bertrand models – and 
evaluate the optimal solutions for the firms. 

Unit 2 Dynamic Games of Complete Information  

2.1 Dynamic Games of Complete and Perfect Information 
2.2 Subgame Perfection – Generalisation of the Backwards induction 
2.3 Repeated Games 

Whilst Unit 1 examines simultaneous-move games, many games involve 
sequential moves among the players, such as repeat price competition 
between firms. In the real world, neither do all players move simultane-
ously nor are all interactions ‘one-shot’. To model these slightly more 
complicated moves in the dynamic games of complete information, Unit 2 
presents games in extensive forms and illustrates the methods of ‘back-
ward induction’, ‘subgame perfection’ and ‘folk theorem’. We then will 
apply the concept of subgame perfection to some real-market finitely and 
infinitely repeated games and show that subgame perfection eliminates 
the Nash equilibriums that are not credible. 

Unit 3 Static Games of Incomplete Information  

3.1 Cournot Competition of Incomplete information 
3.2 Normal-Form Representation of Static Bayesian Games and Bayesian Nash 

Equilibrium 
3.3 Applications 
3.4 The Revelation Principle 
3.5 Conclusion 

In any game, players do not always know all aspects of the game structure. If 
at least one player is uncertain about another player’s game structure, then the 
games are called ‘Bayesian games’. Unit 3 focuses on these games of ‘incom-
plete information’. It discusses the normal-form representation of a static 
Bayesian game and its Bayesian Nash equilibrium. Then, it considers three 
relevant applications and explains the concept of the ‘revelation principle’. 

Unit 4 Dynamic Games of Incomplete Information  

4.1 Perfect Bayesian Equilibrium 
4.2 Application 
4.3 Refinements of Perfect Bayesian Equilibrium 
4.4 Conclusion 
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In Unit 4, we tackle the dynamic games of incomplete information. Similar 
to the refinement of Nash equilibrium to subgame-perfect Nash equilibri-
um in games of complete information, the concept of Bayesian Nash 
equilibrium may predict some unreasonable outcomes in extensive-form 
games and is refined to ‘perfect Bayesian’ equilibrium. Therefore, in this 
unit you will study the perfect Bayesian equilibrium in dynamic games of 
incomplete information. Then, we will investigate the set of possible 
strategy-solutions for various applications. 

Unit 5 Hidden Action (Moral Hazard) 
5.1 Introduction 
5.2 Examples of the Hidden Action Problems 
5.3 Moral Hazard and Insurance 
5.4 Principal–Agent Problem: The Model and Optimal Wage Contract 
5.5 Conclusion 

Unit 5 introduces the economics of information and uncertainty. You will exam-
ine a wide variety of issues with hidden action, in which some agents possess 
private information and channel self-interest to the public interest. You will also 
learn about the problem of moral hazard and the principal–agent problem. 

Unit 6 Hidden Characteristics (Adverse Selection) 
6.1 Responding to Hidden Information – Price Discrimination 
6.2 Sellers with Private Information – the Market for Lemons 
6.3 Credit Rationing and the Stiglitz-Weiss Model 
6.4 Bundling and Product Quality 
6.5 Adverse Selection and Insurance 
6.6 Conclusion 

Unit 6 investigates another problem of private information – ‘adverse 
selection’. This involves a situation in which individuals have hidden 
characteristics and a selection process results in a pool of individuals with 
undesirable characteristics. These problems are analysed in different 
microeconomic contexts. The examples include the ‘Akerlof’s model of 
lemons’, credit rationing and insurance market. You will also study the 
explanations for why and how corresponding markets operate. 

Unit 7 Auctions 

7.1 Four Types of Auctions 
7.2 Outcome Equivalence for Private Value Auctions 
7.3 Sealed-Bid Auction 
7.4 Revenue Equivalence 
7.5 Common Value Auctions 
7.6 Conclusion 

Unit 7 introduces the basic concept of auctions and ‘revenue equivalence’. 
In particular, it discusses four different types of auctions and analyses 
which type should be adopted in specific situations.  

Unit 8 General Competitive Equilibrium 
8.1 General Equilibrium in a Pure Exchange Economy 
8.2  The Arrow-Debreu Model 
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8.3 The Fundamental Theorems of Welfare Economics 
8.4 Externality 
8.5 The Issue of Convexity 
8.6 Common Property Resources 
8.7 Conclusion 

Given the hidden information problem, Unit 8 aims to investigate the 
possible mechanisms that lead to market-allocation efficiency. It also 
considers a specific incentive issue – the ability of a trader to advanta-
geously manipulate prices. 

5 Learning Outcomes 
Upon completion of this module and its readings, you will be able to: 

• explain basic equilibrium concepts such as the Nash equilibrium 
(pure and mixed) 

• apply the Nash equilibrium in oligopoly competition (Cournot and 
Bertrand) 

• solve simple repeated games using backward induction and define 
subgame perfect equilibrium 

• identify the concept of a Bayesian game and find its equilibrium 
• define perfect Bayesian equilibrium and explain the signalling 

problem 
• apply the concepts of adverse selection and moral hazard in 

different microeconomic contexts and explain how risk and 
information asymmetry affect the efficiency of contracting 

• discuss the role of incentives and optimal contracting in addressing 
this issue related to asymmetric information 

• outline and discuss the various types of auctions and the revenue 
equivalence principle 

• derive the general equilibrium of specific economies. 

 



 Assessment 
Your performance on each module is assessed through two written assignments 
and one examination. The assignments are written after Unit 4 and Unit 8 of the 
module session. Please see the VLE for submission deadlines. The examination is 
taken at a local examination centre in September/October. 

Preparing for assignments and exams 

The examinations you will sit are designed to evaluate your knowledge and skills 
in the subjects you have studied; they are not designed to trick you. If you have 
studied the module thoroughly, you will pass the exam. 

Understanding assessment questions 

Examination and assignment questions are set to test your knowledge and skills. 
Sometimes a question will contain more than one part, each part testing a 
different aspect of your skills and knowledge. You need to spot the key words to 
know what is being asked of you. Here we categorise the types of things that are 
asked for in assignments and exams, and the words used. All the examples are 
from the Centre for Financial and Management Studies examination papers and 
assignment questions. 

Definitions 

Some questions mainly require you to show that you have learned some concepts by setting 
out their precise meanings. Such questions are likely to be preliminary and will be 
supplemented by more analytical questions. Generally, ‘Pass marks’ are awarded if the answer 
only contains definitions. These questions will contain words such as: 

 describe   contrast 
 define  write notes on  
 examine  outline 
 distinguish between  what is meant by  
 compare  list. 

Reasoning 

Other questions are designed to test your reasoning, by asking you to explain cause and effect. 
Convincing explanations generally carry more marks than basic definitions. These questions 
will include words such as: 

 interpret 
 explain 
 what conditions influence 
 what are the consequences of 
 what are the implications of. 

Judgement 

Others ask you to make a judgement, perhaps of a policy or a course of action. They will 
include words like: 

 evaluate 
 critically examine 



 assess 
 do you agree that 
 to what extent does. 

Calculation 

Sometimes you are asked to make a calculation using a specified technique; these questions 
begin: 

 use indifference curve analysis to 
 using any economic model you know 
 calculate the standard deviation 
 test whether. 

It is most likely that questions that ask you to make a calculation will also ask for an 
application or interpretation of the result. 

Advice 

Other questions ask you to provide advice in a particular situation. This applies to law 
questions and to policy papers where advice is asked in relation to a policy problem. Your 
advice should be based on relevant law, applicable principles, and evidence of what actions 
are likely to be effective. The questions may begin: 

 advise 
 provide advice on 
 explain how you would advise. 

Critique 

In many cases the question will include the word ‘critically’. This means that you are expected 
to look at the question from at least two points of view, offering a critique of each view and 
your judgement. You are expected to be critical of what you have read. 

The questions may begin: 

 critically analyse 
 critically consider 
 critically assess 
 critically discuss the argument that. 

Examine by argument 

Questions that begin with ‘discuss’ are similar; they ask you to examine by argument, to 
debate and give reasons for and against a variety of options. For example: 

 discuss the advantages and disadvantages of 
 discuss this statement 
 discuss the view that 
 discuss the arguments and debates concerning. 

 

 The grading scheme: assignments 

The assignment questions contain fairly detailed guidance about what is required. 
All assignments are marked using marking guidelines. When you receive your 
grade, it is accompanied by comments on your paper, including advice about how 
you might improve, and any clarifications about matters you may not have 



understood. These comments are designed to help you master the subject and to 
improve your skills as you progress through your programme. 

Postgraduate assignment marking criteria 

The marking scheme for your programme draws upon these minimum core 
criteria, which are applicable to the assessment of all assignments: 

• understanding of the subject 
• utilisation of proper academic or other style (eg citation of references, or use 

of proper legal style for court reports) 
• relevance of material selected and arguments proposed 
• planning and organisation 
• logical coherence 
• critical evaluation 
• comprehensiveness of research 
• evidence of synthesis 
• innovation/creativity/originality. 

The language used must be of a sufficient standard to permit assessment of these 
aspects. 

The guidelines below reflect the standards of work expected at postgraduate 
level. All assessed work is marked by your tutor or a member of academic staff, 
and a sample is then moderated by another member of academic staff. Any 
assignment may be made available to the external examiner(s). 

80+ (Distinction). A mark of 80+ will fulfil the following criteria: 

• very significant ability to plan, organise and execute independently a 
research project or coursework assignment 

• very significant ability to evaluate literature and theory critically and make 
informed judgements 

• very high levels of creativity, originality and independence of thought 
• very significant ability to critically evaluate existing methodologies and 

suggest new approaches to current research or professional practice 
• very significant ability to analyse data critically 
• outstanding levels of accuracy, technical competence, organisation and 

expression. 

70–79 (Distinction). A mark in the range 70–79 will fulfil the following criteria: 

• significant ability to plan, organise and execute independently a research 
project or coursework assignment 

• clear evidence of wide and relevant reading, referencing and an 
engagement with the conceptual issues 

• capacity to develop a sophisticated and intelligent argument 
• rigorous use and a sophisticated understanding of relevant source 

materials, balancing appropriately between factual detail and key 
theoretical issues. Materials are evaluated directly, and their assumptions 
and arguments challenged and/or appraised 



• correct referencing 
• significant ability to analyse data critically 
• original thinking and a willingness to take risks. 

60–69 (Merit). A mark in the 60–69 range will fulfil the following criteria: 

• ability to plan, organise and execute independently a research project or 
coursework assignment 

• strong evidence of critical insight and thinking 
• a detailed understanding of the major factual and/or theoretical issues and 

direct engagement with the relevant literature on the topic 
• clear evidence of planning and appropriate choice of sources and 

methodology with correct referencing 
• ability to analyse data critically 
• capacity to develop a focused and clear argument and articulate clearly and 

convincingly a sustained train of logical thought. 

50–59 (Pass). A mark in the range 50–59 will fulfil the following criteria: 

• ability to plan, organise and execute a research project or coursework 
assignment 

• a reasonable understanding of the major factual and/or theoretical issues 
involved 

• evidence of some knowledge of the literature with correct referencing 
• ability to analyse data 
• examples of a clear train of thought or argument 
• the text is introduced and concludes appropriately. 

40–49 (Fail). A Fail will be awarded in cases in which there is: 

• limited ability to plan, organise and execute a research project or 
coursework assignment 

• some awareness and understanding of the literature and of factual or 
theoretical issues, but with little development 

• limited ability to analyse data 
• incomplete referencing 
• limited ability to present a clear and coherent argument. 

20–39 (Fail). A Fail will be awarded in cases in which there is: 

• very limited ability to plan, organise and execute a research project or 
coursework assignment 

• failure to develop a coherent argument that relates to the research project 
or assignment 

• no engagement with the relevant literature or demonstrable knowledge of 
the key issues 

• incomplete referencing 
• clear conceptual or factual errors or misunderstandings 
• only fragmentary evidence of critical thought or data analysis. 



0–19 (Fail). A Fail will be awarded in cases in which there is: 

• no demonstrable ability to plan, organise and execute a research project or 
coursework assignment 

• little or no knowledge or understanding related to the research project or 
assignment 

• little or no knowledge of the relevant literature 
• major errors in referencing 
• no evidence of critical thought or data analysis 
• incoherent argument. 

 The grading scheme: examinations 

The written examinations are ‘unseen’ (you will only see the paper in the exam 
centre) and written by hand over a three-hour period. We advise that you 
practise writing exams in these conditions as part of your examination 
preparation, as it is not something you would normally do. 

You are not allowed to take in books or notes to the exam room. This means that 
you need to revise thoroughly in preparation for each exam. This is especially 
important if you have completed the module in the early part of the year, or in a 
previous year. 

Details of the general definitions of what is expected in order to obtain a 
particular grade are shown below. These guidelines take account of the fact that 
examination conditions are less conducive to polished work than the conditions 
in which you write your assignments. Note that as the criteria for each grade rise, 
they accumulate the elements of the grade below. Assignments awarded better 
marks will therefore have become comprehensive in both their depth of core 
skills and advanced skills. 

Postgraduate unseen written examinations marking criteria 

80+ (Distinction). A mark of 80+ will fulfil the following criteria: 

• very significant ability to evaluate literature and theory critically and make 
informed judgements 

• very high levels of creativity, originality and independence of thought 
• outstanding levels of accuracy, technical competence, organisation and 

expression 
• outstanding ability of synthesis under exam pressure. 

70–79 (Distinction). A mark in the 70–79 range will fulfil the following criteria: 

• clear evidence of wide and relevant reading and an engagement with the 
conceptual issues 

• development of a sophisticated and intelligent argument 
• rigorous use and a sophisticated understanding of relevant source 

materials, balancing appropriately between factual detail and key 
theoretical issues 



• direct evaluation of materials, and challenging and/or appraisal of their 
assumptions and arguments 

• original thinking and a willingness to take risks 
• significant ability of synthesis under exam pressure. 

60–69 (Merit). A mark in the 60–69 range will fulfil the following criteria: 

• strong evidence of critical insight and critical thinking 
• a detailed understanding of the major factual and/or theoretical issues and 

direct engagement with the relevant literature on the topic 
• development of a focused and clear argument, with clear and convincing 

articulation of a sustained train of logical thought 
• clear evidence of planning and appropriate choice of sources and 

methodology, and ability of synthesis under exam pressure. 

50–59 (Pass). A mark in the 50–59 range will fulfil the following criteria: 

• a reasonable understanding of the major factual and/or theoretical issues 
involved 

• evidence of planning and selection from appropriate sources 
• some demonstrable knowledge of the literature 
• the text shows, in places, examples of a clear train of thought or argument 
• the text is introduced and concludes appropriately. 

40–49 (Fail). A Fail will be awarded in cases in which: 

• there is some awareness and understanding of the factual or theoretical 
issues, but with little development 

• misunderstandings are evident 
• there is some evidence of planning, although irrelevant/unrelated material 

or arguments are included. 

20–39 (Fail). A Fail will be awarded in cases which: 

• fail to answer the question or to develop an argument that relates to the 
question set 

• do not engage with the relevant literature or demonstrate a knowledge of 
the key issues 

• contain clear conceptual or factual errors or misunderstandings. 

0–19 (Fail). A Fail will be awarded in cases which: 

• show no knowledge or understanding related to the question set 
• show no evidence of critical thought or analysis 
• contain short answers and incoherent argument. 

[2015–16: Learning & Teaching Quality Committee] 
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The examination must be completed in THREE hours.  

 

Answer THREE questions, selecting at least ONE question from EACH section. The 
examiners give equal weight to each question; therefore, you are advised to distrib-
ute your time approximately equally between three questions.  

 

Candidates may use their own electronic calculators in this examination provided 
they cannot store text. The make and type of calculator MUST BE STATED 
CLEARLY on the front of the answer book. 
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Answer THREE questions, selecting at least ONE question from EACH 
section. 

 

Section A 

Answer at least ONE question from this section. 

1. Answer ALL parts of the question. 

a) The inverse demand curve facing two duopolists pro-
ducing a homogeneous product is given by 

 
 where X1 and X2 are the outputs of the two firms. Mar-

ginal cost for both firms is given as 10. Assume that 
fixed costs are zero for both firms. Derive the Cournot 
equilibrium and explain why this is a Nash Equilibrium. 
  (40% of the marks) 

 
b) Now assume that Firm 2 has two possible cost func-

tions. Marginal cost may be 10 or 25. There is an equal 
probability of both, but Firm 2 knows its own cost func-
tion. Marginal cost for Firm 1 remains at 10. What will 
be the Cournot equilibrium in each case? Comment on 
the output of Firm 2 if costs are 10 for both firms.  
  (60% of the marks) 

 

2. Answer ALL parts of the question. 

 A ticket to a newly staged opera is on sale through sealed-bid 
auction. There are three bidders, Amy, Bob and Chris. Amy 
values the ticket at £10, Bob at £20, and Chris at £30. The bid-
ders can bid any positive amount. 

a) Show that there is no dominant strategy for any bidder if 
the highest bidder wins the ticket and pays his own bid.
  (30% of the marks) 

 
b) From now on, assume this is a second-price auction, 

that is, the highest bidder wins the ticket and pays the 
second-highest bid. If everyone bids his or her own val-
uation, what is the payoff of each bidder? 

   (40% of the marks) 
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c) Show that when everyone bids his or her own valuation 
this is a Nash Equilibrium for the second-price auction.
  (30% of the marks) 

 

3. Answer ALL parts of the question. 

 Susan believes she faces health costs in the current year of ei-
ther £5,000 with probability 0.8 or £20,000 with probability 0.2.  

 

a) Please state and explain the actuarially fair premium 
for insurance that fully covers health costs Susan might 
incur.   (20% of the marks) 

 

b) Suppose an insurance company sells insurance to 
10,000 people who face the same distribution of health 
costs, as does Susan. Give a measure of the variability 
of the average claim per individual insured.  
  (40% of the marks) 

 

c) Susan obtains a major medical and hospital policy that 
covers all costs, aside from a £1,000 annual deductible 
and a 20% coinsurance rate. If Susan actually incurs an-
nual health charges of £4,000, by how much will her 
health insurance company reimburse her? 
  (40% of the marks) 

 

4. Answer BOTH parts of the question. 

a) In a competitive exchange economy, demonstrate the 
first and second welfare theorems, and discuss their im-
plications and limitations. (50% of the marks) 

 

b) Do Pareto-Efficient outcomes require competitive mar-
kets? Discuss in relation to the general equilibrium 
exchange economy and the issue of ‘externalities’.  
  (50% of the marks) 

PLEASE TURN OVER 
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Section B 

Answer at least ONE question from this section. 

 
5. Consider a pure exchange economy with two goods, h = 1, 2, 

and two consumers, i = 1, 2, with consumption sets  
endowments  and , and utility functions 

 
 and 

 
 respectively.  

 Show that the initial endowment can be decentralised as a 
quasi- equilibrium, that is, there exists a price vector p∗ such 
that (p*, x*) = (p∗, e) is a quasi-equilibrium.  

 Is (p*, x*) a competitive equilibrium (with or without trans-
fers)? 

 Explain your answer with reference to the assumptions of the 
second theorem of welfare economics. 

 

6. Answer ALL parts of the question. 
 
 Two bidders have private values for a good. Specifically, each 

has a value that is equally likely to be any number in the inter-
val [0, 2]. 

 

a) What is the optimal bid for bidder j when her value is 
equal to and the seller holds a first-price sealed-bid 

auction? Explain. (25% of the marks) 

 

b) What is the optimal bid for bidder j when her value is 
equal to  and the seller holds a Vickrey auction? Ex-

plain.   (25% of the marks) 

 

c) What is the seller's expected revenue if she holds a 
Vickrey auction? (25% of the marks) 
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d) Is the outcome of the Vickrey auction Pareto efficient? 
(Assume that the seller values the good at zero.) Is the 
outcome of a Vickrey auction Pareto efficient if the 
seller sets a reserve price equal to 1? Explain.  

   (25% of the marks) 

 

7. Answer ALL parts of the question. 
 
 Consider an education signalling model with three types of 

workers, who have productivities xL < xM < xH. Assume that edu-
cation does not add to productivity and has unit costs of  
cL > cM > cH to the three types. Each worker knows his type, but the 
market has initial belief (pL, pM, pH) with pL+ pM+ pH = 1. 

 

a) For what range of worker productivity and education 
costs is there a pooling equilibrium in which all types 
choose the same education level? Does the pooling 
equilibrium satisfy the intuitive criterion?  
  (40% of the marks) 

 

b) Find the least-cost fully separating equilibrium, ie a sep-
arating equilibrium in which each type chooses a 
different level of education. Does it satisfy the intuitive 
criterion?  (40% of the marks) 

 

c) Are there any other fully separating equilibria that sat-
isfy the intuitive criterion?  (30% of the marks) 

8. Answer BOTH parts of the question. 
  
 Consider a signalling game. Player 1 observes a type, 

where and for a commonly 

known value . Then Player 1 chooses whether to in-

vest, . Player 2 observes a but not t. Player 2 then 

decides whether to invest, . After b is chosen, t is re-

vealed to player 2 and both players receive their payoffs. The 
players’ payoffs are: 
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a) Find a pooling perfect Bayesian equilibrium of this 
game. (You can specify p if you need/want to.) 

   (60% of the marks) 

 

b) Let p = 0.5. Is there a separating perfect Bayesian equi-
librium of this game? (40% of the marks) 

[END OF EXAMINATION] 
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Unit Overview 
This unit starts the first half of the module (Units 1–4), which provides a 
solid foundation to game theory and an introduction to the study of firms’ 
behaviour in strategic interactions. Each of these units contains two parts: 
theory and its applications. This aims to broaden and deepen your under-
standing in how to apply game theory in diverse areas, such as economics, 
finance and management. Unit 1 starts with the fundamental concepts of 
game theory by introducing normal-form games and discussing pure- and 
mixed-strategy Nash equilibrium in finite games. Then we apply the concept 
of Nash equilibrium to two typical oligopoly models in the market: the 
Cournot and Bertrand models.  

Learning outcomes 

When you have completed the unit and its readings, you will be able to: 

• state the reasoning of dominant strategy equilibrium in simple games 
• explain the basic equilibrium concepts such as Nash equilibrium (pure 

and mixed)  
• find pure- and mixed-strategy Nash equilibrium in simple games 
• discuss the sufficient conditions and intuition of the existence of Nash 

equilibrium 
• solve simple oligopoly games (Cournot and Bertrand). 

 Reading for Unit 1 

Robert Gibbons (1992) A Primer in Game Theory. Harlow, UK, Pearson 
Education. Chapter 1 ‘Static games of complete information’. 
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1.1 Normal (Strategic) Form Game and Iterated Deletion  
Game theory is a unique and revolutionary part of microeconomics. It 
adopts ideas from various disciplines (including economics, mathematics, 
philosophy, psychology and other social and behavioural sciences), and 
develops into a mathematical application in determining optimal outcomes 
of conflict and cooperative strategies among reasonably rational agents. It 
has been applied in many fields for decision-making processes outside 
academic studies, such as auction formats, political decisions, business 
strategies, etc. For instance, a computer manufacturer may need to decide 
whether to launch its new computer immediately to gain a competitive edge 
or to prolong the testing period of its new functions. This kind of decision 
can be extended into different areas and usually involves a number of 
parties. Decision makers can use game theory as a tool to map out possible 
strategies with corresponding results and make rational decisions. I hope 
that you will enjoy learning about such an interesting decision-making 
process in the first half of this module. 

In general, games are divided into two branches: cooperative and non-
cooperative games. This module focuses on the non-cooperative games that 
mainly examine how players interact with each other in order to achieve 
their own goals (no binding agreements). You will evaluate some simplified 
and fundamental examples in the real-world economic and financial envi-
ronments, such as wages and employment in a unionised firm, auctions, 
sequential bargaining, etc. In Unit 1, you focus on simultaneous-move (so-
called static) games of complete information. By complete information we 
mean that all aspects of the game structure are common knowledge among 
all the players. There is no private information, such as each player’s payoff 
function, the timing and other information of the game. I will discuss all of 
this in more detail later on in this unit. 

In any game, the outcome depends on the strategy chosen by each player, 
which is the key to the whole of game theory. You should bear in mind the 
following points from now on. 

• Strategy – a complete contingent plan that specifies an action for every 
information set (a particular set of possible moves) of the player. 

• Player’s decision problem – the choice of a strategy that a player thinks 
would counter the best strategies adopted by the other players.  

Osborne and Rubinstein (1994) summarise the characteristics of the strategic 
game as a model of an event that occurs only once: 

• each player knows the details of the game and the fact that all players 
are rational  

• each player is unaware of the choices of other players 
• each player chooses the strategy simultaneously and independently. 
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 Reading 1.1 

Please read Sections 1.1.A and 1.1.B, pp. 2–8 of your key text by Gibbons. This illustrates 
some basic ideas of the normal form presentation and iterated elimination of strictly 
dominated strategies.  

 Gibbons has generalised the case and provided a formal definition of a normal-form 
game. To understand that definition, you need to define three essential elements of a 
normal-form game: 

1. A finite set of players,   

2. For each player i, a finite set of strategies, Si, (where . A strategy, Si , is a 

member of the set of strategies, Si.) 
3. For each player i, there is a payoff function, 

,  

that associates with each strategy combination  , a payoff 

 for player i.  

 

In any strategic interaction, it is crucial for players to consider not only what 
their opponents will do, but also what opponents know, which strategies 
their opponents will choose, etc. Indeed, many games can be simplified 
through iterated deletion of dominated strategies based on common 
knowledge and rationality. Gibbons explains the term of common 
knowledge on page 7 of the key text. In a two-player game, common belief 
in (or knowledge of) rationality means that player 1 believes player 2 is 
rational, player 2 believes that player 1 believes that player 2 is rational, and 
player 1 believes that player 2 believes that... Thus, there is a common 
belief/knowledge among the players if they all know it, all know that they 
all know it, and so on. Iterated dominance is a method of narrowing down 
the set of strategies of playing the game. Gibbons gives a formal definition of 
strictly dominated strategy, which I will summarise here. 

Definition 1  

The pure strategy is  is strictly dominated for player i if there exists  

'i is S∈   such that  ( ', ) ( , )i i i i i iu s s u s s− −> , is−∀ . 

If a player has a dominated strategy in a game, you need to know that this is 
the strategy the player will not use. Let us consider a crucial example – the 
Prisoners’ Dilemma. This game requires a single round of elimination of 
dominated strategies to solve the problem. The scenario is that two prisoners 
are interrogated and each has two strategies. The payoffs are as follows.  

For Prisoner 1, if he/she plays ‘Fink’, his/her payoff is either 0 or –6, which is 
higher than the payoff from playing ‘Mum’. This is also true for Prisoner 2. 
Thus, a rational player would never Mum. That is, a prisoner will always 

ii Ss ∈

Gibbons (1992) Section 
1.1.A ‘Normal-Form 
Representation of 
Games’ and 1.1.B 
Iterated Elimination of 
Strictly Dominated 
Strategies’ in A Primer in 
Game Theory. pp. 2–8. 
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choose ‘Fink’ without even knowing the other prisoner’s payoff. Therefore, 
(Fink, Fink) will be the outcome reached by two rational players.  

Figure 1.1 

 
You should be able to discuss the following points: 

1. The iterated deletion of strictly dominated strategies solution is the set 
of all the strategies that survive the indefinite process of iterated 
deletion of strictly dominated strategies. In some games, no strategies 
can be eliminated. However, in certain games, all strategies except one 
for each player can be eliminated, then that game is said to be 
dominance-solvable. 

2. The equilibrium outcome, (Fink, Fink), is neither optimal nor efficient, 
because if players can coordinate – ie (Mum, Mum), they would have 
obtained higher payoffs. Accordingly, (Fink, Fink) is Pareto 
dominated1 by (Mum, Mum). The result shows the value of 
commitment of playing strategy Mum credibly. (This point will be 
discussed later on in this module.)  

3. In a game, if all players are rational and there is common belief of 
rationality, each player will choose a strategy that survives iterated 
strong deletion.  

4. If multiple strategies are strictly dominated, then they can be 
eliminated in any sequence without changing the set of strategies that 
we end up with. 

Let us now practise with another example below. The game is according to 
Figure 1.1.1 of Gibbons, page 6. Make sure you know how to eliminate 
dominated strategies iteratively. Please note that the order of deletion does 
not matter. 

 

1  When an outcome is Pareto dominated, it means that all the agents/players prefer other 
outcomes. In contrast, an outcome is Pareto optimal if no other outcomes would be pre-
ferred by all the players. 
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Figure 1.2 

 
Step 1 For player 1, there is no dominated strategy. 
Step 2 Then for player 2, Right is dominated by Middle. Eliminate Right. 

Then, the game is reduced to a 2 × 2 game, as shown in Gibbons’ Figure 
1.1.2: 

Figure 1.3 

 
Step 3 In the remaining game, for player 1, Down is dominated by Up.Eliminate Down.  
Step 4 Once Down is removed for player 1. For player 2, Left is dominated by Middle. 

This gives us (Up, Middle) as the unique equilibrium. 

You should now know how iterated elimination of strictly dominated 
strategies work, but have you noticed two drawbacks of the concept? 

• Assume that it is common knowledge that each player is rational. This 
assumption can be too strong under experiment. 

• Many games may not have dominated or weakly dominated 
strategies. Therefore, the criteria of dominance or weak dominance 
may not work in some games. We need to look at an alternative 
concept in the next section – the Nash equilibrium (NE). This concept 
is more precise – that is, the players’ strategies in a Nash equilibrium 
always survive iterated elimination of strictly dominated strategies, 
but not the reverse. Furthermore, all finite games have at least one 
Nash equilibrium. (This may involve mixed-strategy Nash equilibrium 
which we will discuss in Section 1.3).  

1.2 Nash Equilibrium  
We introduce the Nash equilibrium in this section with a reading from the 
key text by Gibbons (1992).  
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 Reading 1.2 

Please read Gibbons, Chapter 1, Section 1.1.C, ‘Motivation and definition of Nash 
equilibrium’, pp. 8–12. 

 As you read, make notes on the definition and uses of the Nash equilibrium. NE is a 
fundamental concept, and you should make sure that you are very familiar with its 
intuition and be able to apply it later on in this unit. To clarify, all the Nash equilibria 
referred in 1.1.C of Gibbons (1992) are pure strategy Nash equilibria. 

 

Definition 2 

A strategy profile ( )* *,i is s−  is a (pure strategy) Nash equilibrium if for each 

player i, 

 

for all players i and all i is S∈ . 

This shows that an NE is any profile in which each player is choosing 
optimally given the choices of the other players. NE represents a strategical-
ly stable situation in which no player anticipates higher payoff from 
unilateral deviation. That is, a Nash equilibrium is a set of strategies (one for 
each player), such that no player has incentive to unilaterally change his/her 
action. For example, in a simple 2 × 2 game, both players know which 
strategy the other player is going to choose, and no player has an incentive 
to deviate from the equilibrium strategy because his/her strategy is a best 
response to his/her belief about the other player’s strategy.  

Now, let us look at some important examples used by Gibbons. Here, I 
highlight the crucial points of solving these games. You should try to do so 
yourself. 

Example 1: Prisoners’ Dilemma Revisit – Games with Unique NE 

Figure 1.1 

 
Look at this game. It has a unique NE (Fink, Fink), because each player can 
deviate from the other strategy profile profitably. (Mum, Mum) and (Mum, 
Fink) cannot be NE because prisoner 1 would gain from playing Fink. 
Similarly, prisoner 2 would deviate from playing (Mum, Mum) or (Fink, 
Mum). 

Gibbons (1992) Section 
1.1.C ‘Motivation and 
definition of Nash 
equilibrium’ in A Primer 
in Game Theory. pp. 8–
12. 
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Example 2: The Battle of the Sexes – Games with Multiple NE 

Figure 1.4 

 
This interesting game is a coordination game with certain conflict elements. 
A couple want to spend the evening together, but Pat wants to be together at 
the prize fight whilst Christ wants to go to the opera together. The game is 
shown below. 

To solve this game, start with the strategy combination (Fight, Fight). 

1. Look at Chris’ payoffs. If Pat goes to the fight, is the fight optimal for 
Chris? Yes, because 1 > 0. 

2. Now look at Pat’s payoffs. If Chris goes to the fight, is the fight 
optimal for Pat? Yes, because 2 > 0. 

Thus, (Fight, Fight) is an NE. Similarly, (Opera, Opera) is also an NE. 
3. Now, consider the strategy combination (Fight, Opera). If Pat goes to 

the Opera, is Fight optimal for Chris? No, because it gives Chris a 
payoff of 0, and he can do better by going to the Opera, which would 
give a payoff of 2. 

Thus, (Fight, Opera) is not an NE. Neither is (Opera, Fight). 

In conclusion, there are two pure-strategy Nash equilibria in this game, 
namely (Opera, Opera) and (Fight, Fight). This actually shows a drawback of 
NE as a solution concept – it does not always provide a unique solution.  

Based on Examples 1 and 2, you should now be able to interpret the relation 
between iterated elimination of strictly dominated strategies and NE: 

• If a strategy profile, s*, is an NE, then it will survive iterated 
elimination of strictly dominated strategies. Meanwhile, if iterated 
elimination of strictly dominated strategies eliminates all but s* then 
s* is the unique NE (Prisoners’ Dilemma).  

• However, there can be strategy profiles that survive strictly iterated 
elimination of dominated strategies, but they are not NE – for 
example, (Fight, Opera) and (Opera, Fight) in the Battle of the Sexes. 

1.3 Mixed-Strategy Nash Equilibrium 
Before we introduce the third example, turn again to your key text by 
Gibbons (1992) to learn about mixed strategies. 
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 Reading 1.3 

Please read Gibbons (1992), Section 1.3.A, pp. 29–33. 

 Make sure your notes help you to identify the strategies.  

 

Example 3:  Zero-Sum Games 

A zero-sum game is a game of conflict. Any gain for one player comes at the 
cost of its opponent. Think of tax policy. If the total tax amount is fixed, then 
the problem is about tax redistribution between people. A simple zero sum 
game is matching pennies as discussed in Section 1.3.A: a two-player game 
in which Player 2 gets 1 penny from Player 1 if both pennies match, and 
loses 1 penny if they don’t. The game is illustrated as follows. 

Figure 1.5 

 
This game has no pure strategy NE because no pure strategy (heads or tails) 
is a best response to a best response of the other player. At every pure 
strategy set in this game, both players have an incentive to deviate. In this 
scenario, what would the players do? To find an equilibrium, a solution is 
randomising between playing Heads and Tails, and this randomisation is a 
mixed strategy. Each player could flip a coin and play Heads with probabil-
ity ½ and Tails with probability ½. In this way, each player makes the other 
indifferent between choosing Heads or Tails, so neither player has an 
incentive to deviate. Gibbons has provided a formal definition of mixed 
strategy in the key text. 

Definition 3 

Let G be a game with strategy spaces 1 2, ,..., .IS S S  A mixed strategy  for 
player i is a probability distribution on Si (over the set of pure strategies). 

Furthermore, by observing Figures 1.3.1 and 1.3.2 on page 32 of Gibbons, 
consider the two important concepts illustrated through these examples. 

1. A given pure strategy may be strictly dominated by a mixed strategy, 
even if the pure strategy is not strictly dominated by any other pure 
strategy.  

2. A given pure strategy can be a best response to a mixed strategy, even 
if the pure strategy is not a best response to any other pure strategy. 

A pure strategy is a special case of a mixed strategy, in which the probability 
distribution over a set of pure strategies for a player assigns a probability 
equal to one to a single pure strategy and a probability of zero to all the rest. 

Gibbons (1992) Section 
1.3.A ‘Mixed strategies’ 
in A Primer in Game 
Theory. pp. 29–33. 
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A strategy is fully mixed, if it assigns to every action a non-zero probability. 
Now, we go back to the game of Matching Pennies. In a NE, if a player 
randomises between two different actions, then the player is indifferent 
between the two actions. This means that the two actions must yield the 
same expected payoff. (It is very important for you to be able to calculate the 
probabilities and find the mixed NE.) 

Assume that player 1 plays a mixed strategy of Heads with probability r (and 
tails with probability 1 − r), and player 2 plays Heads with probability q. 

Figure 1.6 

 
Key idea: player 1 must be indifferent between playing Heads and Tails. 

Player 1’s expected payoff from playing Heads is:  

( ) ( )1 1 1 1 2q q q⋅ − + − ⋅ = −  

 Player 1’s expected payoff from playing Tails is:  

( ) ( )1 1 1 2 1q q q⋅ + − ⋅ − = −  

 These two expected payoffs must be equal: 

11 2 2 1 2q q q− = − ⇒ =  

Now, assuming player 1 randomises, we can work out the expected payoff 
for player 2. Still, player 2 must be indifferent between playing Heads and 
Tails. 

 Player 2’s expected payoff from playing Heads is:  

1 (1 )( 1) 2 1r r r⋅ + − − = −  

 Player 2’s expected payoff from playing Tails is:  

( 1) (1 ) 1 1 2r r r⋅ − + − ⋅ = −  

 These two expected payoffs must be equal: 

12 1 1 2 2r r r− = − ⇒ =  

 

 Review Question 1.1 

Thus, the mixed-strategy NE is {½H + ½T, ½H + ½T}. So this gives us two important 
questions: 

1. Are there any other equilibria in this game? 
2. If two players can choose any combination, why do they choose these probabilities? 
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1. Player 1 loses with probability: (1 ) (1 ) 1 (2 1)r q r q q r q⋅ + − ⋅ − = − + −  
and wins with probability: (1 ) (1 ) (1 2 )r q r q q r q⋅ − + − ⋅ = + −  

If  then 2 1 0q − >   the higher value of q, the lower chance 

of winning. Then, player 1 would choose Tails, r = 0.  

If 1 ,2q <  then 2 1 0q − <   the higher value of r, the higher chance 

of winning. Then, player 1 would choose Heads, r = 1. Therefore, there 
are no other mixed strategy equilibria.  

2. It is because these are the probabilities that make the other player 
indifferent. The probability of ½ is not randomising; ½ is the player’s 
best response to the other player’s belief – ie the best thing they can do 
facing uncertainty. Now let us look at the definition of mixed strategy 
NE.  

Definition 4 

A mixed-strategy profile * *( , )i iσ σ−  is a Nash equilibrium if and only if    

( ) ( )* * *, ,i i i i i iu u sσ σ σ− −≥  

for all i and .i is S∈  

Similar to pure strategy NE, mixed strategy NE models a steady state of a 
game in which players’ choices are regulated by probabilistic rules. 

 Reading 1.4 

Please now read Gibbons (1992) 1.3.B, pp. 33–48. 

 Make sure your notes are sufficient to enable you to revise the important points 
from them. 

 

Let us look at the best response correspondences. Gibbons has introduced the 
concept in pp. 42–43. The intuition is that it is the optimal action for a player 
as a function of the strategies of all other players. If there is always a unique 
best action given what the other players are doing, this is a function. If for an 
opponent’s strategy, a set of best responses is equally good, it is a correspond-
ence. 

Recall that player 1’s expected payoff from playing Heads (r = 1) if player 2 
plays q is: ( ) ( )1 1 1 1 2q q q⋅ − + − ⋅ = −  

And player 1’s expected payoff from playing Tails (1− r = 1) if player 2 plays 
q is:  

( ) ( )1 1 1 2 1q q q⋅ + − ⋅ − = −  

Gibbons (1992) Section 
1.3.B ‘Existence of Nash 
equilibrium’ in A Primer 
in Game Theory. pp. 33–
48. 
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Best response for player 1:  

Best response for player 2:  

Best Response Correspondence below shows that both correspondences 
intersect at only one point at which r = q = ½. This gives us the unique 
mixed strategy NE of this game.  

Figure 1.7 

 
We now go back to the Battle of Sexes. We have found the pure-strategy 
NEs, so how about the mixed-strategy NEs? 

Figure 1.4 

 
Let (r, 1− r) be the mixed strategy in which Chris plays Opera with probabil-
ity r. Thus, you can analyse the game with the following steps. 

If Pat plays (q, 1− q), Chris’s expected payoff from Opera is:  

2q + 0(1 – q) = 2q 

And Chris’s expected payoff from Fight is: 0q + 1(1− q) = 1− q  
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  Chris goes to Opera if 2q > 1− q  q > ⅓ (ie r = 1) 

And Chris goes to Prize Fight if q < ⅓ (ie r = 0) 
Thus, if q = ⅓, any value of r is a best response. 

Similarly, if Chris plays (r, 1− r), Pat’s expected payoff from Opera is:  

r + (1 – r) 0 = r 

And Pat’s expected payoff from Fight is:  

0r + 2(1 – r) =2(1 – r)  

  Pat goes to Opera if 2r > 2(1− r)  r > ⅔ (ie r = 1) 

And Pat goes to Prize Fight if r < ⅔ (ie r = 0) 
Thus, if r = ⅔, any value of q is a best response. 

Figure 1.8 

 
By drawing the best response function above, you can see that both corre-
spondences intersect at three points. Hence, there are three NEs in this 
game: {Opera, Opera}, {Fight, Fight} and {⅔ Opera + ⅓ Fight, ⅓ Opera + ⅔ 
Fight}.  

So which strategy is better, pure or mixed, in the Battle of the Sexes?  

To compare these strategies, let us compare Chris’s payoff in the mixed 
equilibrium. 

(2) (1 ) (0) (1 )(0) (1 )(1 )(1)
2 1 1 2 22 0 0 1
3 3 3 3 3

rq r q r q r q+ − + − + − −

= ⋅ ⋅ + + + ⋅ ⋅ =
 

This is the same as Pat’s payoff. Indeed, both of them are worse off in the 
mixed-strategy NE. Hence, one may think that the two players would want 
to avoid this equilibrium. 
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1.4 Existence of Nash Equilibrium 
By finding the mixed-strategy Nash equilibria in the above examples, we 
can now introduce Nash’s Existence Theorem. The theorem shows that 
given a game with a finite number of strategies for each player, there is at 
least one (mixed-strategy) Nash equilibrium. As you saw in your last read-
ing, the proof is based on Kakutani's fixed-point theorem, which is a 
generalisation of Brouwer’s fixed-point theorem. You should know the 
intuition of this theorem, but you do not need to prove the theorem. This 
theorem shows that NE is ‘stronger’ than Iterated Deletion of Dominated 
Strategies – ie there is at least one solution to every finite strategic-form 
game. Furthermore, a NE cannot be strictly dominated, although it may be 
weakly dominated. To achieve the outcome of NE, it requires not only 
rationality but also common beliefs or expectations of what will happen in 
the game.  

1.5 Applications of Nash Equilibrium 
The theory of Nash equilibrium is a great tool to clarify the structure and 
equilibrium of duopoly and oligopoly markets. For instance, you can figure 
out how each firm reacts to its rival’s strategy, what the market equilibrium 
is, etc. The concepts of oligopoly date back to Cournot (1838) and Bertrand 
(1883). Cournot was the first to investigate non-cooperative competition 
between two producers – that is, the so-called duopoly problem. He as-
sumes that two firms produce the same product and the price of the product 
depends on the total quantity produced. Later on, Bertrand analysed price 
competition between two producers. He finds that each firm charges the 
price at the marginal cost in equilibrium, and it is the same under perfect 
competition. In this section, we apply the concepts of NE to both models. 

In a market, an important question for firms is how to choose between 
‘price’ and ‘quantity’ as the decision variables. The particular choice de-
pends on the specific situations of the industry. Kreps and Scheinkman 
(1983) adopt a two-stage game to explain the differences between the Ber-
trand and Cournot models. Usually firms first make long-run decisions by 
choosing their capacities and then decide their short-run prices. Your next 
reading considers these applications, and you should be able to analyse the 
following examples yourself. 

 Reading 1.5 

Please now read Gibbons Sections 1.2.A–1.2.C, pp. 14–26. Pay particular attention to 
Sections 1.2.A ‘Cournot Model of Duopoly’ and 1.2.B ‘Bertrand Model of Duopoly’. 

 

1.5.1 Cournot model of duopoly 

As you read above, you start with this: 

Gibbons (1992) Sections 
1.2.A ‘Cournot model of 
duopoly’ to 1.2.C ‘Final-
offer arbitration’ in A 
Primer in Game Theory. 
pp. 14–26. 
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• Players: two firms  
• Strategy: a set of possible outputs (any nonnegative amount)  
• Payoff: profit of each firm.  

In a one-shot simultaneous game, firm i chooses its output level, iq , and has 
no fixed cost, but a unit cost ( )i i iC q cq= where c < a. The products are 
assumed to be homogenous (ie they are perfect substitutes), so the market 
demand, ( )1 2p q q+ , determines the price. P is an inverse demand function: 

P(Q) = a− Q, where 1 2Q q q= + . Therefore, the payoff function can be 
derived as follows: 

( ) ( )1 2( , ) ( )i i i i iq q q P Q c q a q q cπ − = − = − + −    

To solve NE, each firm i needs to choose iq  to maximise its profit function. 
Thus, for firm 1, 

 

For each firm, first-order conditions (FOCs) with respect to 1q  and 2q  give 
the best response functions: 

( ) ( )* * *
1 2 1 2

1
2

B q q a q c= = − −  

( ) ( )* * *
2 1 2 1

1
2

B q q a q c= = − −  

Here, given that 0i

i

dB
dq−

< , the best responses are called strategic substitutes – 

that is, two products mutually offset one another. An increase in one firm’s 
output decreases the marginal revenues of the others.  

Now solving the system of equations gives 

* *
1 2 3

a cq q −
= =  

and 
( )2

*
3

a c
Q

−
= . Substituting *Q  into P(Q) = a− Q gives the NE price at 

2*
3

a cP +
=  

This game can be extended into n-firms as  and ∞→n . 

Alternatively, this two-firm game is dominance-solvable, as demonstrated 
below. This means that iterated elimination of dominated strategies picks 
out the unique NE. 

Suppose that the firm produces mq , then its profit would be 
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Now suppose that the firm chooses to produce , with x > 0, then the 
profit will be 

 

Hence, the monopoly quantity 
2m

a cq −
=  strictly dominates any higher 

quantity. Given that i mq q> is eliminated, then any ( )
4i i m

a cq B q −
< =  is 

dominated by 
4

a c−
. To see it, note  

( )3
,

4 4 4i i i

a ca c a cq qπ − −

− − −  = −  
   

. 

Thus,  

( ) ( )3
, ,

4 4 4 4i i i i m i i

a ca c a c a cx q x x q q q x x qπ π− − − −

− − − −     − = − + − = − + −      
      

 

After these two rounds of elimination, the quantities remaining in each firm 

i are limited to ,
4 2

a c a c− − 
  

. Repeating these arguments leads to ever-

smaller intervals. In the limit these intervals converge to the unique NE of 
* .

3i
a cq −

=   

However, the more-than-two-firm cases are not dominance-solvable. As 
explained above, using dominance to solve a game requires us to delete 
dominated strategies for each of the players; then to solve the smaller game 
using the same process until there is no further possible elimination. The 
game is dominance-solvable, if only single strategies remain.  

1.5.2 Bertrand model of duopoly 

Let us now consider the Bertrand model. Gibbons gives the details of heter-
ogeneous products, but it is necessary for you to consider the case of 
homogenous products first. You should be able to understand the intuitions 
as well as derive the cases. 

• Player: two firms  
• Strategy: a set of possible prices (any nonnegative amount)  
• Payoff: profit of each firm.  
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Case 1: Homogenous Products 

In a one-shot simultaneous game, firm i chooses its price, pi, and has no 
fixed cost, but a symmetric unit cost c. The demand for firm i is  

 

 

 

where D(p) is the market demand. Therefore, when two firms have 
, the unique NE is to set 1 2p p c= =  in which each firm gets half 

of the market.  

To understand that, let us consider this: if , firm 2 sets 2 1p p ε= −  and 

gets the whole market. If , firm 1 has the incentive to undercut the 
price further, so this cannot be an equilibrium. The intuition is that if a firm 
charges a lower price than its rival, then the firm will obtain the whole 
demand. If two firms charge the same price, the market demand is split 
equally.  

Therefore, if all the firms are identical, , for all i, then p = c for any 
n ≥ 2, market price equals the marginal cost, and thus firms make zero 
profits. This leads to the Bertrand paradox: having two firms in the industry 
is enough to obtain perfect competition (rather than achieve monopoly 
outcomes). This seems implausible. 

Case 2: Heterogeneous Products 

The demand for firm i is  

( ),i i i i iq p p a p bp− −= − +  
where b > 0, so firm i’s product is a substitute for firm –i’s product. And 
firm i’s profit is 

( ) ( )( ) ( )( ), ,i i i i i i i i i ip p q p p p c a p bp p cπ − − −= − = − + −  

To solve the NE, each firm maximises its profit. For firm 1,  

( )( )1 1 2 1 2 10 0
max ( , *) max

i ip p
p p a p bp p cπ

≤ <∞ ≤ <∞
= − + −  

FOC gives the best response function,  

( ) ( )*
1 2 2

1
2

B p a bp c= + +  
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Symmetrically,  

( ) ( )*
2 1 1

1
2

B p a bp c= + +  

Solving the above two equations gives the unique NE at 

* *
1 2 2

a cp p
b

+
= =

−
 

Differentiating the product allows the firms to get out of the destructive 
logic of Bertrand price competition under homogenous product case. There-
fore, it is possible to achieve the equilibrium prices at a higher level than 
under perfect competition.  

1.5.3 Final offer arbitration 

Final offer arbitration by a third party has become a popular method of 
conflict resolution in many areas. It is used in the settlement of disputes 
under existing contracts, typically when the unions (eg police or some public 
services) are prohibited from striking. The intuition is stated in Gibbons 
1.2.C. You are not required to derive the equilibrium. In final offer arbitra-
tion, each party submits a final proposal to an arbitrator. The arbitrator 
chooses one of them. Different from conventional arbitration, the arbitrator 
is not allowed to compromise the demands of the parties. The intuition 
behind the equilibrium is that each party has a trade-off. A more demanding 
offer yields a better payoff, but it will be less likely to be chosen by the 
arbitration. If there is little uncertainty about the arbitrator’s preferred 
settlement, the parties are likely to make offers close to the mean because the 
arbitrator is very likely to choose the settlement close to the mean. As the 
uncertainty increases, the parties’ offers become more demanding. This 
mechanism provides an incentive for the parties to reach a negotiated 
settlement.  

1.5.4 The problem of the commons 

In 1968, Hardin wrote an influential paper, named ‘The tragedy of the 
commons’, in which he explains a crucial problem on the exploitation of the 
natural resources and environment. Without any automatic mechanism or 
incentive, resources are over-exploited because agents maximise their own 
benefits as a result of their selfish behaviour. The problem is the difference 
between public and private incentives. Indeed, this issue has become more 
and more important nowadays. It happens wherever there is a resource 
open to everyone, such as a hunting area, grazing land, etc.  

We first consider a simple example that is not mentioned in Gibbons. Con-
sider n farmers in a village with limited grassland and each farmer has the 
option to keep either one sheep or no sheep. The utility of a sheep from 
producing wool is 1, and the pollution to the environment from a sheep is 5. 
Let iX be a variable, either 0 or 1.  
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Given the pollution is shared among all farmers, the utility of ith farmer,
( )ii XU , is  

( ) ( )1 25 ... n
i i i

X X X
U X X

N
+ + +

= −  

Could you derive the NE for all i if 5≥N ? This is not essential, but you 
should understand the reasoning behind it. The NE is 1=iX , because 
keeping a sheep would add more utility to a farmer from wool than it would 
subtract utility from them due to pollution. Therefore, each farmer keeps a 
sheep and the utility for every farmer is −4.   

Consequently, this can cause excessive pollution, and the tax is likely to be 
imposed. But how much tax would that be? The tax should be equal to the 
total damage done to the environment. Therefore, the utility of ith farmer 
becomes 

( ) ( )1 25 ...
5 n

i i i i

X X X
U X X X

N
+ + +

= − −  

In this case, NE is 0=iX  for all i, since the farmer increases his utility by 
giving away his sheep. 

 Reading 1.6 

Please now read Gibbons Sections 1.2.D, pp. 27–29, for another example of tragedy of 
commons. Again, you are not required to derive the NE, but you should understand the 
intuitions. You should pay particular attention to the last equation (the first-order 
condition) below. 

( ) ( )** ** ' ** 0v G G v G c+ − =  
 

Here, the value to a farmer of grazing a goat on the green when a total of G 
goats are grazing is ( )v G  per goat. Intuitively, ** *G G< and the difference 

between NE and social optimum is due to  and . 

These externalities cannot be easily internalised. Therefore, the problem of 
the commons shows the inefficiency of NE. 

1.6 Conclusion 
Unit 1 has provided an introduction to game theory. It began with the static 
games of complete information. You have studied the basic concepts, such 
as pure- and mixed-strategy Nash equilibria. You have also studied the 
sufficient conditions and intuitions of the existence of Nash equilibrium. 

Gibbons (1992) Section 
1.2.D ‘The Problem of 
the commons’ in A 
Primer in Game Theory. 
pp. 27–29. 



Modelling Firms and Markets 

20  University of London 

You have applied NE to simple oligopoly games (Cournot & Bertrand), and 
evaluated the intuition of final-offer arbitration and the problem of the 
commons. To check your understanding of this, look again at the Learning 
Outcomes at the beginning of the unit and make sure you can achieve them. 

In the next unit, you will look at another type of game – dynamic games of 
complete information. That will allow you to apply the concept to more 
complicated market situations. 

 Optional Reading 1.1 

If you would like to explore the ideas behind the Nash equilibrium you might like to read 
his article: 

Nash JF (1950) ‘Equilibrium points in N-person games’. Proceedings of the National 
Academy of Sciences, 36, 48–49. 
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1.7 Exercises 

 Exercise 1.1 

Solve Gibbons’ Problem 1.2 on page 48.  

 Exercise 1.2 

Consider the n-player Cournot model. Each firm chooses its own quantity to produce, 
0iq ≥ , simultaneously. The price for each unit is given by p = 1 – Q where 

1

n
ii

Q q
=

=∑ .  

Assuming no costs, the profit of each firm is .ii pq=π  

a) Find the NE and show that it is unique and symmetric. 
b) Suppose that n = 2. Which strategies for each player survive iterated deletion of 

strictly dominated strategies? 
c) Now suppose that n = 3. Reconsider part (b). 

 Exercise 1.3 

Show that the unique profile of strategies that survives iterated removal of strictly 
dominated strategies is a unique Nash Equilibrium. 

 Exercise 1.4 

There are two firms in an industry. Let q1 and q2 be the output of Firm 1 and Firm 2 and 
Q = q1 + q2 be total output. The inverse demand in the industry is P(Q) = 45 − Q. The 
cost function for each firm is  
C(qi) = 9qi. 

a) Assume a two-firm Cournot model. Calculate Firm 1’s best response function 
q1 = R(q2) to the output choice of Firm 2, and Firm 2’s best response function 
q2 = R(q1) to the output choice of Firm 1.  

b) Compute the equilibrium price, quantities, (P, q1, q2) and each firm’s profit level. 
c) Assume two-firm Bertrand model. Solve for the equilibrium prices and outputs of 

Firms 1 and 2, assuming that consumers will split evenly between the two firms, if 
the firms offer the same price. Compute each firm’s profit level. 

 Exercise 1.5 

Given that u > w, y > m, n > v, and x > z, consider the following normal form game, 
where player 1 chooses rows and player 2 chooses columns.  

Figure 1.9 
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a) Prove that this game has no pure strategy Nash Equilibrium. 
b) Solve for the mixed strategy Nash Equilibrium in terms of the parameters. 

 Exercise 1.6 

Solve Gibbons’ Problem 1.12, p. 51. 

1.8 Answers to Exercises 

 Exercise 1.1 

For player 1, B is strictly dominated by T  Eliminate the row of B. 

Then for player 2, C is strictly dominated by R. Thus, the games can be reduced to a 
2 × 2 game. The strategies that survive IESDS are: T and M for 1, and L and R for 2. 

The pure strategy Nash Equilibria of the game are (M, L) and (T, R). 

 Exercise 1.2 

a) Each player i is to maximise its profit, by solving 

max i ipqπ =  
( ) ( )1 1i i i i iQ q q q qπ −= − = − −  

FOC with respect to qi implies 

1 2 0i
i i

i

d q q
dq
π

−= − − =  

2
1 i

i
q

q −−
=  or 1iq Q= −  

Since this condition is the same for all i, the equilibrium must be symmetric. Solving, 
we obtain 

;
1

1
n

qi +
=  ;

1
nQ

n
=

+
 1 ;

1
p

n
=

+
 

( )2
1

1i n
π =

+
 

b) Since 2 0≥q , FOC above gives us  (all other strategies are strictly domi-

nated by ). Since , it gives ; and this gives  

so  Repeated iterations and symmetry give  

c) Since 2 0q ≥ , FOC above gives us  (all other strategies are strictly domi-

nated by ). Since  and  it gives 2 0.q ≥  Iterated 

deletion of strictly dominated strategies implies only that . 
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 Exercise 1.3 

This proof can be done by explaining the intuition of Iterated Deletion of Dominated 
Strategies and Nash Equilibrium. 

First, if a pure strategy i is S∈ for player i is strictly dominated by another pure strategy 

'i is S∈  then any mixed strategy that has positive probability to is  is strictly dominated 

by some other mixed strategy. If a pure strategy is not strictly dominated by another pure 
strategy, it is also not strictly dominated by any mixed strategy. 

Second, if a mixed strategy iµ  for i has positive probability only to pure strategies that 

are not strictly dominated then iµ , then it is not strictly dominated by any other mixed 

strategy. 

Third, if each player 1, , 1i i N= −  has a strictly dominant strategy is  ( is strictly 

dominates every other strategy), then the game is dominance-solvable.  

There is a unique solution to iterative deletion of strictly dominated strategy. 

 Exercise 1.4 

a) Firm i maximises its profit taking the Firm −i’s choice, iq− as given. 

( )max 45 9
i

i i i iq
q q q q−− − −  

Set FOC equal to zero, 

45 2 9 0i
i i

i

d q q
dq
π

−= − − − =  

Solving this gives the best response function:  

36
2

i
i

qq −−
=  2

1
36

2
qq −

=  and 1
2

36
2

qq −
=  

Solving these 2 equations gives: 1 2 12q q= = . The equilibrium price is 45 – 12 – 
12 = 21. 
Therefore, the profit of each firm will be 

 

b) In price competition, firms always want to undercut their rivals slightly to capture 
the whole market, as long as the rival’s price is above the marginal cost. Therefore, 
the only equilibrium under Bertrand competition is for the two firms charging P1 = 
P2 = MC = 9. In such a case, no firm has an incentive to deviate, because any price 
above the marginal cost will not sell while any price lower than the marginal cost 
incurs a loss. Consequently, 45 45 9 36Q P= − = − = . Symmetrically, 

1 2 18q q= = . This leads to 1 2 0.π π= =  This shows that the market outcome un-

der Bertrand competition is identical to the perfectly competitive market outcome. 

 Exercise 1.5 

First, state the definition of NE. 

 There is no pure strategy NE in this game.  
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  Under (U, R), player 1 will deviate to D. 

  Under (D, R), player 2 will deviate to L. 

  Under (U, L), player 2 will deviate to R. 

  Under (D, L), player 1 will deviate to U. 

To find the mixed strategy NE, suppose player 1 plays U with probability p and player 2 
plays L with probability q. Therefore, 

The expected payoff for player 1:  

( ) ( ) ( ) ( )1 11 1EU U qu q m qw q y EU D= + − = + − =  

 
( ) ( )

y mq
y m u w

−
=

− + −
 

The expected payoff for player 2:  

( ) ( ) ( ) ( )2 21 1EU L pv p x pn p z EU R= + − = + − =  

 
( ) ( )

x zp
x z n v

−
=

− + −
 

 Exercise 1.6 

Let p denote the probability that player 1 plays T, and q denote the probability that 
player 2 plays L. In a mixed strategy equilibrium, the following two conditions have to be 
satisfied: 

i) Given q, player 1 is indifferent between playing T and B. Therefore, 

( )2 3 1q q q= + −  

 3 / 4q =  

ii) Given p, player 2 is indifferent between playing L and R. Therefore 

2(1 ) 2p p p+ − =  

 2 / 3p =  

The mixed strategy NE is 
2 1
3 3

T B + 
 

and
3 1
4 4

L R + 
 

. 
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